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In many systems motion occurs on deformed and deformable surfaces, setting
up the possibility for dynamical interactions solely mediated by the coupling of
the entities with their environment. Here we study the “two-body” dynamics
of robot locomotion on a highly deformable spandex membrane in two sce-
narios: one in which a robot orbits a large central depression and the other
where the two robots affect each other’s motion solely through mutual environ-
mental deformations. Inspired by the resemblance of the orbits of the single
robot with those of general relativistic orbits around black holes, we recast the
vehicle plus membrane dynamics in physical space into the geodesic motion
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of a “test particle” in a fiducial curved space-time and demonstrate how this
framework facilitates understanding the observed dynamics. The two-robot
problem also exhibits a resemblance with Einstein’s general relativistic view of
gravity, which in the words of Wheeler: “spacetime tells matter how to move;
matter tells spacetime how to curve.” We generalize this case the mapping to
include a reciprocal coupling that translates into robotic curvature-based con-
trol schemes which modify interaction (promoting avoidance or aggregation)
without long-range sensing. Our work provides a starting point for develop-
ing a mechanical analog gravity system as well as develops a framework that
can provide insights into active matter in deformable environments and robot
exploration in complex landscapes.
Introduction
Diverse propelling systems can be influenced by aspects of the geometry of the environment in
myriad ways. Most animal and robot studies have been conducted on relatively simple ground
that is flat and time-invariant. However, organisms moving over bumpy landscapes can be
deflected by local heterogeneities in interesting ways that couple dynamics and local geometry
[1]. Organisms running over soft and elastic environments can maintain smooth center of mass
motion despite variable surface conditions and perturbations [2]. Water walking organisms near
menisci [3] can be “pulled” in a variety of ways by surface tension and can even detect other
organisms via curvature sensing (e.g. ripples [4]).
Even more interesting are situations where locomotors modify their environments that in
turn modify the dynamics of another locomotor. A static version of this is antlion pits where
antlions create surfaces of avalanching granular media to catch prey [5]. More time depen-
dent examples include macroscopic robots and insects walking on water surfaces [3, 6–8],
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rover movement on granular substrates [9], and microscopic cell motility on deformable sur-
face [10, 11]. In such situations, a few studies have examined purely passive interactions of
self-propelling systems induced by local curvature changes and have found quite rich dynam-
ics, even mimicking Quantum Mechanical (QM) aspects [12, 13]. And swarms of robots could
benefit from discovery of principles by which agents can interact and even communicate via
environmental modifications [14].
While they may seem quite different, such systems share a conceptual component with the
modern understanding of gravity [15] in that the curvature of spacetime is more fundamen-
tal description of gravity than Newton’s view as a force between objects. The basic idea of
Einstein’s theory of General Relativity (GR) is geometry: massive bodies deform spacetime,
and this deformation mediates body interactions. GR has predicted and accounted for diverse
phenomena such as precession of planetary orbits (e.g. Mercury), light bent by massive bodies
(gravitational lensing), the expansion of the universe, gravitational waves, and black holes.
Here we use robots transiting a deformable spandex sheet to systematically study the dy-
namics of active systems which only interact via environmental disturbances. We consider two
situations: a single robot orbiting a fixed central depression (Fig. 1a) and two robots orbiting
each other (Fig. 1b). In both situations, the robot dynamics are mediated by both the global
curvature of the membrane and local deformations due to the robots; in the latter they distort
the membrane and thus influence the vehicle. Inspired by the resemblance of the observed or-
bits to those found in GR, we map the dynamics of the orbiting single vehicle around a central
deformation to a test particle in a fiducial spacetime. The mapping facilitates the characteri-
zation of orbits and the understanding how vehicle parameters affect dynamics. The mapping
also points to a possible mechanical analog gravity. Further inspired by the two body dynamics
in GR, we develop a scheme to control the dynamics of the orbiting robots via measurement
of local curvature alone. Our paper demonstrates the richness of phenomena in a seemingly
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simple deformable locomotion system and points to the possibility of using tools from GR to
study and control active matter in curved spaces and robot exploration in complex landscapes.
Results
Vehicle on a deformable substrate
The self-propelling robot (the “vehicle”, see Fig. 1c) has two rear wheels and one front spher-
ical caster for stability. A critical feature of the vehicle is a differential [16] which allows
independent rotation of the wheels upon different loading conditions by maintaining constant
speed governed by motor rotation rate (see M&M for details). If the loading of the two wheels
is equal, e.g. the vehicle is on level ground, both wheels turn at the same rate and the vehi-
cle goes straight. If loading of one of the wheels increases (i.e. vehicle tilts) the corresponding
wheel slows down and the opposite wheel speeds up, which results in turning motion around the
slow wheel. This active control provides more flexibility in fabricating the desired spacetime
depicted by GR than the passive agents studied in the previous works such as the dissipative
marbles [17, 18] rolling on a membrane.
Experiments were performed on a four-way stretchable spandex fabric (that stretches and
recovers both width and lengthwise) (see M&M) affixed unstretched to a circular metal frame
with a radius of R = 1.2 m. In the first situation with a fixed center, a linear actuator attached
to the center of the membrane warps the fabric from underneath to allow adjustable central
depression of depth D with a cap (radius Rv = 5 cm) fastening the actuator to the fabric. A
diagram of the experimental setup is given in Fig. 2a. The membrane has a measured axi-
symmetry such that the standard deviation of the membrane height at each radius is less than
5% of the central depression magnitude D (see S5 of the supplemental document).
Three aspects are important to understand the dynamics of the vehicle on the membrane.
The first is that the robot dynamics are highly damped and inertia plays a minimal role: if the
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motor stops the vehicle rapidly comes to rest (within a second). Further, there is no “rolling
down hill” as in the museum demos of GR which our system superficially resembles. The sec-
ond aspect is that the differential in the vehicle allows it to turn dynamically according to the
local curvature instead of simply following the spatial geodesics of the membrane (which leads
to almost straight trajectories given the shallow depressions of the membrane. The third impor-
tant aspect is that, while the global shape of the membrane without the vehicle is important, due
to the vehicle’s mass, its local environment deviates from the “bare” shape of the membrane,
introducing an additional local deformation of the membrane. This results in a vehicle tilting to
an angle γ (between the normal of the vehicle surface and zˆ) depending on the vehicle’s radial
position in membrane as depicted in Fig. 2a.
Orbital trajectories of a single robot
For simplicity, we first study the dynamics of a single robot moving at constant speed on the
membrane (set by constant motor rotation rate and enforced by the differential mechanism).
Experiments were conducted by setting the initial radius r and heading angle θ, the angle be-
tween the radial direction and the velocity (Fig. 2d). We choose the heading angle rather than
the azimuthal angle ϕ to reduce the redundant counting of the same trajectories shifted by just
an azimuthal angle due to the axi-symmetry. Fig. 2e shows how the typical trajectories look in
the r − θ space. Certain initial conditions (a particular radius r0 = rc and heading θ0 ≈ 90◦)
developed immediate circular orbits (Fig. 2c). However, for a majority of (r0, θ0), steady-state
trajectories of the vehicle consisted of retrograde precessing ellipse-like orbits (Fig.2d) about
the central depression; that is, the maximum radius of the orbit does not return to the same
azimuthal position but instead lags behind. Such dynamics can persist for many orbits until
the vehicle leaves the steady-state as either slowly increasing or decreasing the eccentricity. In
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the former case, the vehicle ultimately crashed into the central cap or escaped to the boundary.
In the latter case, the precession decayed into an approximately circular orbit with a critical rc
radius depending on the central depression D. From the analysis of the vehicle mechanism and
dynamics, we attribute these “escapes” to slight mechanical imperfections in the mass distribu-
tion in the vehicle, such as the deviation of the center of mass from the center-line, ∆B. The
eccentricity evolves over orbits with a factor e−ϕ/2 where  connects to the imperfection with a
form  = Lc∆B1
2
R2v+L
2
c+∆B
2 so that the life of the steady state stays longer when the imperfection is
smaller (see S2 and S1 of [19]). Here Lc is the distance between the wheel axle and the center
of mass, and Rv is the radius of the vehicle. Ideally, a perfect vehicle with ∆B = 0 makes
e−ϕ/2 stick to 1 that the orbit stays in the steady state forever. The sign of ∆B determines if
the eccentricity will expand or decay.
For bounded steady-state trajectories with the half-lives of eccentricity longer than 5 revolu-
tions, we measured average precession |∆ϕprec| as a function of initial conditions by evaluating
the change in angular location of consecutive apoapsides or periapsides (e.g. between periapsis
1 and 2 in Fig. 2d). A map of this is shown in Fig. 2e. Since all the points sampled from a
trajectory share a constant precession angle, each point’s (r, θ) can be mapped as an effective
initial condition in the trajectory’s r-θ space. Including these initial conditions, the map reveals
that the precession is minimal when the vehicle is initiated at a particular radius rc (≈ 60 cm
when the central depression D = 13.9 cm) and heading of 90◦; |∆ϕprec| increased as initial
conditions deviate from this region. However, r0 is restricted to the range 0.2 m ≤ r0 ≤ 1.1 m
to exclude the central cap in the membrane and to avoid starting the vehicle too close (less than
10 cm) to the outer ring. Initial headings which pointed approximately towards or away from
central depression did not achieve stable orbit. That is, for θ0 < 30◦ the vehicle collided with
the outer boundary and for θ0 > 150◦ the vehicle crashed into the central cap.
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Vehicle dynamics
The vehicle’s trajectories superficially resemble orbits of low mass objects orbiting large cen-
tral masses in GR, specifically geodesics obtained in the Schwarzschild solution to Einstein’s
equations. Despite the obvious differences between our robophysical system and relativistic
phenomena (e.g. retrograde orbits displayed in our system, opposed to the prograde ones like
for the planet Mercury [20, 21]), it is interesting to ask whether there exists a map that recasts
the dynamics of the vehicle in physical space into that of geodesic motion in a fiducial space-
time so we can understand this discrepancy. To model the vehicle dynamics, one would solve
the problem of the vehicle deforming the elastic sheet which then redirects the vehicle’s mo-
tion. Nonetheless, to introduce the basic idea of how the tool from GR helps us understand the
dynamics, we first look at the simpler case where the substrate is stationary as the first example
resides in. We will later return to the fully coupled treatment for the multi-body case.
To construct this model, we note that the vehicle moves at a constant speed v on the mem-
brane. Therefore, the velocity ~v and acceleration ~a are orthogonal (i.e. ~a · ~v = 0). In polar
coordinates r and ϕ, this implies that arvr + r2aϕvϕ = 0. From the magnitude of the acceler-
ation, a = [(ar)2 + r2(aϕ)2]1/2, and the orthogonality condition, arvr + r2aϕvϕ = 0, one has
that the components of the acceleration are given by ar = −a rvϕ/v and aϕ = avr/(r v). On
the other hand, we have that in terms of the heading angle θ the components of the velocity
are: vr = v cos θ and vϕ = vr−1 sin θ. Therefore, the components of the acceleration (Fig. 3a)
become:
aϕ = ϕ¨+
2 r˙ ϕ˙
r
=
a vr
r v
=
a
r
cos θ (1)
ar = r¨ − r ϕ˙2 = −a r v
ϕ
v
= −a sin θ . (2)
with dots denoting differentiation with respect to t. Our experiments reveal that, to a good
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approximation, the vehicle’s acceleration is given by a = k sin θ where k is a function of r
only (Fig. 3b). Having a ∝ sin θ implies that, in this axi-symmetric case, the magnitude of the
acceleration is proportional to the cross product between the velocity and the gradient of the
terrain since the gradient of the terrain is aligned with the radial direction. We will later show
that a ∝ |~v × ∇z| with z being the terrain profile (vertical position of the vehicle) also works
for surfaces with arbitrary shapes.
We treat the vehicle that currently tilts angle γ from the leveled position as driving on a
local incline with slope γ. From a theoretical analysis of how the constant-speed differentially
driven vehicle pivots on a slope (Fig. 2b, see S1 of [19] for derivations), we found that k =
C g sin γ cos γ ≈ C g |∇z| with g Earth’s gravity. The prefactor C is a mechanical constant
related to the structure of the vehicle as C = L2c/(L
2
c +
1
2
R2v) where Lc ≈ 1 cm is the distance
between the wheel axle and the center of mass (see Fig. S1), and Rv = 5 cm is the radius
of the vehicle. The theoretical value for C from the model is approximately 0.074, while the
experimental fit (Fig. 3b inset) gives a value of 0.073± 0.001 (see S1 of [19]).
The model as described by Eqs. (1) and (2) yields good agreement with experiments over
a range of v = 0.20 − 0.32 m/s. The essential ingredient of the model is that the differential
mechanism ensures torque balance on both wheels. In addition, the rolling friction on the caster
is negligible compared to other contact forces (see Fig. 2b for force diagram). The model in-
dicates k = a/ sin θ should be the same for any θ for a balanced vehicle. The experimentally
measured result shows a slight dependence on heading angle θ (Fig. 3c) that can be understood
as weight imbalance, characterized by ∆B. Introduction of this bias into the analysis returns a
correction in the form of abias/ sin θ = k ·(∆B/Lc) cot θ. It vanishes when θ = pi/2 or ∆B = 0
(perfectly balanced vehicle).
8
Mapping to space-time geodesics
The essential ingredients that make our self-propelled system display GR-like dynamics are: 1)
the ability of the robot to deform the local environment and 2) a mechanism (in our case the
caster and differential) which changes the direction of vehicle motion as a consequence of the
local tilt of the vehicle. These two ingredients are reflected in our system in k, which is governed
by the deformations of the membrane and in θ, the heading angle of the vehicle. When both are
taken together, they embody the direct coupling between the vehicle and its environment.
Inspired by the resemblance of the robot paths to the orbital trajectories of test particles (i.e.
particles that do not influence the gravitational field) around a non-spinning (Schwarzschild)
black hole, we envisioned the possibility that the dynamics of the robot could be recast or
mapped into geodesic motion (the motion of a test particle) in a fiducial space-time. Given the
axi-symmetry of the experiment, we propose a fiducial space-time metric of the form
ds2 = −α2dt2 + Φ2(dr2 + r2dϕ2) (3)
with α = α(r), Φ = Φ(r). With the metric (3), the geodesic equations take the following form:
ϕ¨+
2r˙ϕ˙
r
=
[
(α2)′
α2
− (Φ
2)′
Φ2
]
r˙ ϕ˙ (4)
r¨ − rϕ˙2 =
[
(α2)′
α2
− (Φ
2)′
Φ2
]
r˙2 +
(Φ2)′v2 − (α2)′
2 Φ2
. (5)
where primes denoting differentiation with respect to r.
Notice that the left hand side of Eqs. (4) and (5) are the components of the acceleration, aϕ
and ar respectively, in Eqs. (1) and (2). Thus, comparing the right hand side of these equations
yields the following relationships between the metric functions α and Φ in terms of the speed
of the robot and k:
α2 = E2(1− v2e−K/v2) (6)
Φ2 = E2e−K/v
2
(1− v2e−K/v2) (7)
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where K(r) ≡ ∫ r
0
k(s)ds (see M&M). The constants of integration were chosen such that when
k = 0, the metric is flat (see S3 of [19]). The quantity E is a constant of motion (energy)
associated with the fact that the metric is time-independent. The other constant of motion is L
(angular momentum) associated with the metric ϕ-symmetry.
As with the Schwarzschild solution, we can use the normalization of space-time velocity to
investigate the type of orbits. In terms of the constants of motion E and L, this condition reads
1 =
Φ2
α2
r˙2 +
1
r2
α2
Φ2
L2
E2
+
α2
E2
. (8)
This expression can be rewritten in the following suggestive form: E = 1
2
m r˙2 + V , with
E = 1/2, m = Φ2/α2, and V = [α2 `2/(Φ2r2) + α2/E2]/2 and effective potential, where we
have defined ` ≡ L/E. With the help of Eqs. (6) and (7), this effective potential reads
V =
1
2
(
`2
r2
eK/v
2
+ 1− v2e−K/v2
)
(9)
Note that the energy and angular momentum enter through the ratio ` = L/E, which can be cal-
culated from the initial conditions since ` = Φ2r2ϕ˙/α2 (see S3 of [19]). Fig. 3d shows examples
of the potential V for different values of ` with `max = v rc exp (−K(rc)/v2) [19]. The dashed
line at 1/2 denotes E , and the turning points are given by the solution to r± = ` eK±/v2/v, where
we use the subscript ± to denote a quantity evaluated at the turning points. Circular orbits oc-
cur when the minimum of the potential matches E . The minimum is found from V ′ = 0 and is
located at rc = v2/kc [19].
We note that remarkably, the self-propulsion (active) aspects of our system mitigate the
dissipative, non-metric gravity sources, and most fundamentally avoids the “splittable” space-
time situation (i.e. α 6= 1) [22] that has prevented mechanical systems [23] from capturing
gravity as Einstein envisioned [15].
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Analysis of orbital precession dynamics
With the effective potential discovered from the mapping scheme, we can now explain the
dependence of orbital precession on initial conditions and system parameters. To begin, we
introduce the definitions of E and L to eliminate r˙ in E = 1
2
m r˙2 + V in favor of dr/dϕ. This
results in
`2
r2
[
1
r2
(
dr
dϕ
)2
+ 1
]
= v2 e−2K/v
2
. (10)
Next, we apply the change of variable u = `/r, and differentiate with respect to ϕ and get
d2u
dϕ2
+ u =
k `
u2
e−2K/v
2
. (11)
As noted above, for circular orbits rc = v2/kc, or equivalently uc = kc `/v2 where kc ≡
k(rc). Perturbing Eq. (11) about a circular orbit, i.e. u = uc + δu, we get
d2δu
dϕ2
+
(
1 +
k′c
kc
rc
)
δu = 0 . (12)
Thus, δu ∝ cos (ω ϕ) with ω2 ≡ 1 + rc k′c/kc, and the perturbative solution to Eq. (11) is then
given by u = uc[1+e cos (ω ϕ)] where e is the eccentricity of the orbit. Notice from this solution
that one radial cycle takes place over a 2pi/ω angular cycle. Therefore, the precession angle is
given by ∆ϕprec = 2pi/ωc − 2pi ≈ −pi rc k′c/kc. Since kc > 0, the sign of ∆ϕprec, namely
the direction of the precession, is given by the sign of k′c . If k
′
c > 0, we have ∆ϕprec < 0,
retrograde precession, with prograde precession if k′c < 0. From Fig. 3b, we have that k
′
c > 0,
which explains the observed retrograde precession. Further, the dependence of ∆ϕprec with rc
is consistent with our observation that the magnitude of the apsidal precession (∆ϕprec < 0)
decreases as the radius of the orbits approaches the radius of the circular orbit rc.
We now reexamine the dependence of precession angle ∆ϕprec on initial conditions (Fig. 3e)
in the mapping framework. We now can see that contours of constant color correspond to tra-
jectories with the same `. And notably, the precession angle decreases as the orbits become
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more circular, with ∆ϕprec = −pi rc k′c/kc for the circular orbit. Fig. 3e shows ∆ϕprec as a func-
tion of r0 for initial heading angle θ0 = 90◦ with both the experimental data and the solution
to Eq. (10). The minimum precession angle occurs for circular orbits. Again motivated by the
Schwarzschild solution, for which ∆ϕprec = 6piG2M/(c2l) where l ≡ aˆ(1 − e2) is the latus
rectum. The semi major-axis aˆ and the eccentricity e can be evaluated using the minimum and
maximum radii: aˆ = (rmax + rmin)/2, e = (rmax − rmin)/(rmax + rmin). Fig. 3f shows ∆ϕprec as
function of the inverse of the angular momentum 1/` ∝ 1/√l. While the trend is qualitatively
similar to the Schwarzschild’s solution connecting precession and eccentricity, in our metric,
precession is never small and is not linear.
Generating GR-like prograde precessing orbits
As a consequence of k′ > 0, our system generates retrograde orbits such that the vehicle’s pre-
cession is opposite to that of GR in common situations. With our mapping, it is straightforward
to understand how to obtain more GR-like prograde precession: we must change the sign of
the slope of k so that k′ < 0 over a significant range of the vehicle trajectory. Because k is
connected to the tilting angle γ, we can achieve the desired change by increasing the tension of
the membrane or decreasing the mass of the vehicle to enable the vehicle to more closely track
the imposed membrane shape.
We chose to change the mass of the vehicle and constructed a smaller, lighter vehicle with
mass 45 g, approximately one quarter that of the original vehicle in Fig 1 and a diameter of
4 cm. As predicted by the mapping, this vehicle produced trajectories (Fig. 4b) demonstrating
prograde precession over all sampled initial conditions (65 total experiments). For a particu-
lar initial condition (r0 = 69 cm, θ0 = 90◦), four out of five trials produced precessing orbits
with significant eccentricity; here ∆ϕprec = +22◦ ± 16◦. The theoretical prediction – with k(r)
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(Fig. 4a) deduced from such trajectories – was ∆ϕprec = +33◦ ± 7◦, within the experimental
range. The lightweight vehicle showed greater trajectory variability than that of the heavier
vehicle. We posit such variability is related to a slight membrane heterogeneity (Fig. S5, see
also S5 of [19]) caused by the affixed IR reflective markers that facilitate tracking of membrane
shape – we expect that the lower mass prograde precessing vehicle would more susceptible to
perturbations induced by substrate inhomogeneities.
Multi-robot dynamics via substrate-mediated interactions
Given our success in mapping the dynamics of the robot in a “fixed” background to that of
geodesics in a “fixed” fiducial space-time, it is natural to ask if such a mapping could be ex-
tended to the case of multi-robot dynamics such that each robot carries its own depression field.
That is, can we capture a situation in which each robot affects the environment (i.e. the fidu-
cial spacetime curvature) and as a consequence influences the dynamics of the other robots and
perhaps its own? Such configuration would embody Wheeler’s succinct encapsulation of the
reciprocal dynamics inherent in Einstein’s view of gravity.
Although the orbital dynamics above possess the special property of axi-symmetry, the
model can be generalized for arbitrary substrate using the vehicle dynamics shown before such
that a = k sin θ where θ is the angle between the velocity and the gradient of the slope and
k is the magnitude of the gradient timed by a mechanical constant. In the symmetric case,
the gradient is always along the radial direction so that only the magnitude of the gradient
k = C g sin γ cos γ ≈ C g |∇z| is needed. In the general case, noticing the sin θ is the cross
product of the unit vectors of the arbitrary terrain gradient d = −∇z and the vehicle velocity,
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the generalized equation of motion is
x¨ = C g y˙ (dxy˙ − dyx˙)/v2 (13)
y¨ = −C g x˙ (dxy˙ − dyx˙)/v2 , (14)
where di = −∇iz with i = x, y.
Following the same procedure as with the axi-symmetric case, we propose a metric ds2 =
−α2dt2 + Φ2(dx2 + dy2) where α = α(t, x, y) and Φ = Φ(t, x, y). The geodesic equations for
this metric take the following form (see S4 of [19]):
x¨i = −
[
ln
(
α2
Φ2
)]
,j
x˙jx˙i − (ln Φ),iv2 − α
2
Φ2
(lnα),i
+ x˙i
[
(lnα)˙ +
(
α2
Φ2
− 2
)
v2(ln Φ)˙
]
(15)
where commas denote differentiation and repeated indices summation is used.
Comparing Eq. (15) with Eqs. (13) and (14) yields:
α2 = E2(1− v2e−Cgz/v2) (16)
Φ2 = E2e−Cgz/v
2
(1− v2e−Cgz/v2) (17)
0 = (lnα)˙ +
(
α2
Φ2
− 2
)
v2(ln Φ)˙ (18)
with E a constant of integration. The last expression is a condition on the allowable time
dependence of the metric function in order for the mapping to be doable.
What remains is a prescription for membrane deformation Z that determines the vertical
position of the vehicle that can be approximated by the average membrane height around a
vehicle (see M&M). In the axi-symmetric case, the general metric (16), (17) reproduce (6), (7)
with Z = Z(r). The above expressions allow not only stationary membranes with arbitrary
shapes, i.e. Z = Z(x, y), but also membranes with shapes changing in time, Z = Z(t, x, y), as
long as the condition (18) is satisfied.
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To characterize the evolution of the membrane, we use the wave equation, the simplest
equation for a membrane assuming linear elasticity:
Z¨ − v2m∆Z = −P . (19)
where vm is the speed of propagation of disturbances in the membrane and P = P0 (1 + P˜ )
with P0(> 0) the force load from the membrane and P˜ the additional load from the vehicles,
the area density of the vehicles (see M&M) normalized by the area density of the membrane.
Since P0 is the stationary force load when the membrane is only deformed by its weight, the
time dependence in the source in Eq. (19) arises from P˜ due to the vehicles.
The speed of propagation for the membrane in our experiment is vm ≈ 400 cm/s, which is
significantly larger than the typical speed of our vehicles (v ≈ 20 cm/s). Therefore, we neglect
time derivatives in Eq. (19) to satisfy condition (18) and solve instead the Poisson equation
∆Z = P/v2m. In the experiments to examine the membrane elasticity, the membrane is found
to follow the Poisson equation reasonably well (see S5 of [19]). Therefore, the evolution of
the system proceeds as follows (Fig. 5c): given the location of the vehicles, one first constructs
the source P and solves ∆Z = P/v2m to obtain the membrane profile function Z (Fig. 5c). On
the circular domain, the analytical solution to Z shows that zi, the vertical position of the ith
vehicle with mass mi is
2piλzi =
pi
2
(|ri|2 −R2) + mi
σ
log
(
RvR
R2 − |ri|2
)
+
1
σ
∑
j 6=i
mj
(
log
|ri − rj|
|ri − r′j|
− log |rj|
R
)
(20)
where ri, r′i = (R/|ri|)2ri are the planar position of the ith vehicle and its image charge, R
and Rv are the radii of the membrane and the vehicle, σ is the area density of the membrane
and λ = v2m/P0 is a membrane constant. The three terms in the solution show the contributions
from the membrane, the weight of the vehicle of interest, and the other vehicles respectively.
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With z at hand, one obtains the metric functions α and Φ from Eqs. (16) and (17). Finally one
obtains the new position of the vehicles by integrating Eq. (15). This type of temporal updating
is used to obtain the dynamics of binary systems under the Post-Newtonian approximation [24].
Simulations integrating these multi-body dynamics predict that an increase of mass in-
creases the merger rate. To test this experimentally, following the prediction (Fig. 5b), we next
removed the central static depression and introduced a second vehicle. We expect aggregation
should be enhanced by the increase of the mass ratio (m21 = m2/m1) between the two vehicles
and/or a decrease of speeds v. First, we experimentally tested the effects of the membrane me-
diated coupling strength between the vehicles by increasing the mass of the lead vehicle (small
weights were attached to the top of the vehicle without changing the center of mass), m2, rel-
ative to the trailing vehicle, m1. For each experiment, both vehicles were placed at a radial
distance of 60 cm from the center with azimuthal separation ψ = 45◦ and both with a heading
of 90◦. Before each experiment, we set the speed of the two vehicles to 0.2 m/s by manually
adjusting voltage of the motors. Fig. 5a shows how the dynamics depend on the mass ratio.
When m21 = 1, both vehicles execute nearly-circular orbits (left panel). As m21 is increased to
1.37, the trailing vehicle becomes ‘captured’ by the leading vehicle. The two vehicles collide,
and continue to move together for the duration of the experiment (right panel).
To quantify the membrane-mediated differences in dynamics, we measured the Euclidean
distance between the vehicles, |r1 − r2|, as a function of time. We find that the capture time is
reduced as the mass of the leading vehicle increases (Fig. 5b). For instance, when m21 = 1.30,
it took around 25 s for the trailing vehicle to become captured (i.e., the vehicles collide when
|r1−r2| = 2Rv). Whenm21 = 1.37, this capture occurred significantly faster, with the vehicles
colliding in about 12 s. The coupling effects are highlighted by contrasting to the dynamics
from independently conducted single-vehicle experiments, one with the initial conditions of the
“leading” vehicle and the other with the initial conditions of the “trailing” vehicle. The distance
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evaluated from these two independent trajectories shows a non-decaying trend that differs from
the cases with both vehicles on the membrane (dashed lines in Fig. 5b). Simulations (Fig. 5c)
using the same setup as the experiments show qualitative match with the experiments (Fig. 5b).
Adaptive speed control based on local vehicle tilt
Inspired by the qualitative similarities between the membrane mediated dynamics of vehicles in
our system and the trajectories of massive bodies in curved spacetime, we next explore how to
manipulate vehicle dynamics by introducing active curvature-based regulation of the vehicle’s
speed. Practically, this could be used by robots with limited sensing and control, for example in
lightweight water-walking robots [25,26] or self-propelled microrobots [27] swarming on fluid
membranes [28].
As revealed in the above section, as the distance between the two vehicles decreases, each
‘feels’ the membrane-induced deformation of the other more strongly and the tilt of both ve-
hicles increases. We therefore hypothesized that we could alter collisions with a closed-loop
controller which only senses local curvature. We added an IMU (Internal Measurement Unit)
to the leading vehicle (Fig. 6a) and implemented an adaptive speed controller that increased the
speed of the leading vehicle as its measured tilt angle γ, the angle of inclination from the gravity
vector, increased in response to larger substrate deformations, from the IMU. Specifically, the
speed of the leading vehicle was designated to be (vIMU−v0)/v0 = A·(γ−γ0)/γ0, whereA sets
the strength of the coupling between the leading vehicle and the local membrane deformation
(Fig. 6b).
We varied A from 0 (no control; constant speed) to 8 (speed sensitive to tilt angle) to probe
the effects of the speed-tilt coupling strength on potential collisions with the trailing vehicle.
Fig. 6c shows the trajectories of the vehicles starting from the same initial conditions (rIMU(0) =
0.6 m, rpassive(0) = 0.4 m, θIMU(0) = θpassive(0) = 90◦, vpassive = 0.11 m/s, vIMU(0) = 0.15 m/s,
17
and γ0 = 15o ) for different A. When A = 0, the speed of the controlled vehicle is constant
(vIMU(t) = vIMU(0) = 0.15 m/s) during the experiment. We recorded position and orientation
of the vehicles using high speed motion capture system (Optitrack, 120 Hz) and calculated
speed and the tilt angle of the leading vehicle as a function of time. Fig. 6d shows the relation
between the instantaneous speed and the tilt of the vehicle. The speed of the vehicle changes
more quickly in response to the tilt when A is larger. We observed that when A was sufficiently
large (≥ 4), the leading vehicle was able to successfully avoid collision. Fig. 6e shows the
relative trajectories of the controlled (leading) vehicle in the frame of the uncontrolled (trailing)
vehicle (rIMU−r0). The steric exclusion zone (with radius equal to 2Rv) around the uncontrolled
vehicle identifies the collision area. If the controlled vehicle enters this area, then a collision
with the uncontrolled vehicle has occurred. As A increased, the margin, b, (i.e., the shortest
distance between the controlled vehicle trajectory and the center of the uncontrolled vehicle)
increased and eventually became larger than 2Rv, indicating that the vehicles did not collide
or escaped (Fig. 6f). We note that the trajectory of the uncontrolled vehicle ended prematurely
when a collision occurred; therefore, we fit it with an ellipse centered at the uncontrolled vehicle
to extrapolate the margin b.
Discussion and conclusion
The complex coupled interactions that arise between deformable substrates and moving agents
can lead to rich dynamics that are not observed on rigid terrain. The coupling between agents
and the environment typically makes dynamical modeling and the design of motion control
difficult. In this study, we adopt an approach based on the philosophy of General Relativity
(GR) and treat the object and the environment as reciprocally changing each other’s dynamics.
We use existing tools in GR to develop a new method to describe locomotion on deformable
substrates, recasting the coupled dynamics to motion along geodesics in a curved space-time.
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To implement this idea, we studied an actively controlled version of the famous educational
tool [29] in which self-propelled agents interact with each other via coupling to an elastic mem-
brane. In the first case where a self-propelled vehicle orbits around a central depression, based
on orbital phenomena typically observed in GR (precessing orbits), we recast the propulsion as
geodesics of a test particle in a fiducial space-time, a laboratory realization of the GR notion.
Despite the intrinsic driven-damped dynamics, the mapping helps us to understand features of
the vehicle-membrane dynamics as a function of certain parameters such as the precession’s
dependence on initial condition, speed, mass etc, allowing us to change system parameters (ve-
hicle mass) to more closely mimic GR orbits (changing from retrograde to prograde).
Building from our study of a single vehicle’s orbital dynamics, we carried the program
forward to generalize the model, including motion on arbitrary terrain and the multi-body inter-
actions. This helped us explore the dynamics of two orbiting vehicles and enabled us to design
a control scheme for the multi-body system, which senses the local tilt of a vehicle, an indicator
of space-time curvature, to control the speed of the vehicle. The control allows us to promote
or avoid the collision of two self-propelled particles without modifying the mass. The main
ingredients are to set the strength of the metric with the shape of the surface and to manipulate
the the functional form of the spacetime with the dynamics of the self-propelled vehicle.
The flexibility in construction and programming (including of multiple robots which influ-
ence each other solely via metric distortions [30]) makes our system an attractive target to push
toward a mechanical analog GR system; we expect that advances in membrane (or surface) de-
sign and more advanced robot control will help. And perhaps such “robophysical” [31,32] sys-
tems can complement existing fluid [33,34], condensed matter [35], atomic, and optical [36–38]
analog gravity systems [39] given the ability to create infinite types of spacetimes. As a con-
crete example, it is possible to modify the setup of our robot orbiting a single depression and
obtain paths that in the fiducial spacetime are exactly geodesics of a Schwarzschild black hole.
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To do this, one needs an additional degree of freedom, which allows the speed of the vehicle
to depend on the radial distance. With that choice, it is possible to fix k and v in such a way
that the metric functions in the fiducial spacetime are those of Schwarzschild in isotropic coor-
dinates (see M&M). With the help of more sophisticated sensing, control, we can even expect
QM analogs [12, 13, 40]. Such dynamics can be realized experimentally in the regime where
the speed of disturbance propagation is comparable to the speed of the vehicle vm ∼ v that the
membrane would follow the wave equation.
Finally, the GR perspective of analyzing locomotion on deformable substrates could provide
potential tools to the robotic studies [26, 41–44] of a broad class of physical [12, 45] systems
that are capable of traversing complex, heterogeneous environments with static and dynamic
structures by coupling their motion with the environment. Insights from our study could help
control the motion of self-propelled objects in complex environments that contain multiple,
physically interacting bodies without collision. Practically, we believe that our system and
framework can adaptable and scalable to understand the dynamics of wide range of mechanical
and biological systems that modify their local environments significantly during locomotion.
Examples include macroscopic robots and insects walking on water surfaces [3, 6–8], rover
movement on granular substrates [9], and microscopic cell motility on deformable surface [10,
11]. In addition, the findings of our study can assist in the design of controllers for biohybrid
systems aimed at preventing unwanted cell accumulation such as cancer metastasis [46] or
promoting the movement of bacteria to deliver drugs [47–49], in which the interaction with the
substrate is important.
20
Materials and Methods
Vehicle
Uncontrolled Vehicle
The 3D printed self-propelling differential drive vehicle has a mass of ∼160 g and diameter of
10 cm. The vehicle has two active rear wheels (dw = 4 cm) that are connected via a LEGO
Technic - differential gears 24-16 (which allows independent rotation of the wheels (separated
by 3.6 cm) and one front caster (Pololu ball caster with 3/8” metal ball) for stability. The active
wheels are driven by a Pololu 120:1 mini plastic gearmotor (4.5 V, 120 RPM, 80 mA) that
provides constant speed (adjusted by DROK Buck Boost Voltage Regulator Module), with a
maximum of 0.32 m/s. A lithium ion polymer battery (3.7v, 500 mAh, from Adafruit) is used
as a power supply.
The differential consists of three shafts: one input and two outputs. The input is connected to
DC motor that produces an approximately constant angular velocity due to the voltage regulator
(without slippage) and outputs are connected to the wheels. The motor torque is transmitted to
the output shafts through the gear that turns around the axis of the input shaft. The average
speed of the two wheels is equal to the rotational speed of the DC motor.
We fixed the operating voltage of the motor for all single vehicle experiments. Since
for a fixed voltage, the angular speed of the motor is proportional to the torque load ap-
plied, different central depressions (D = 13.9, 9.6, 5.3 cm) resulted in slightly different speeds
30.9± 1.8, 28.6± 2.2, 29.5± 1.3 cm/s, respectively.
Controlled Vehicle
The controlled vehicle has the same mechanical structure as the uncontrolled vehicle. An IMU
(SparkFun 9DoF IMU Breakout - LSM9DS1) is mounted on top of the robot. We control
the speed of the DC motor by controlling the input voltage to the motor using Pulse Width
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Modulation (PWM) signal. The motor control module includes Particle Photon microcontroller
and Adafruit DRV8833 DC motor driver breakout board. The speed of the motor is adjusted as
a function of the tilt angle (γ, the angle of inclination from the gravity vector). The relation is
given in Fig. 6b. The tilt angle is calculated as follows;
γ = arccos
(
az√
a2x + a
2
y + a
2
z
)
(21)
where a is the measured acceleration.
Substrate preparation
Experimental setup consists of a trampoline (d = 2.5m, DICK’S Sporting Goods) covered with
a 4-way stretchable spandex fabric (Rose Brand, 120” Spandex, NFR). 4-way stretchable refers
to the fact that the strain-stress response in two perpendicular directions are the same, which
provides maximum homogeneity.
We adjusted the tension of the fabric homogeneously and then fixed the fabric to the metal
frame using custom created holes and magnets. This adjustment allowed us to perform all the
experiments under the same surface conditions. However, because we fixed the fabric manually,
there is slight membrane anisotropy overall. The custom made height controller attached to a
steel disc (d=10 cm, Mcmaster) from the center of the setup with magnets. The controller in-
cludes Firgelli linear actuator (6inc stroke, 35lbs) and Actuonix Linear Actuator Control Board
that allow the control of the central height via LAC Software. We used Logitech webcam to take
top view videos of the experiments and Optitrak motion capture system (with Flex 13 cameras
and Motive software) to track the robot.
Precession angle evaluation
The position and orientation of the IR reflective markers on the robot are recorded with a motion
capture system consisting of five Optitrack Flex 13 cameras with a resolution of 1.3 MP/mm2.
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A diagram of the experimental setup is shown in Fig. 1 of the main text.
Considering the transient change and possible membrane defects that have shows up in the
azimuthal every 2pi, we evaluate the precession by fitting the trajectory to the following model
for each trajectory:
rmodel(ϕ; rc, A1, ϕ1, A2, ϕ2, ωprec) = rc + e
−ϕ/τ (A1 cos (ϕ+ ϕ1) + A2 cos (ωprecϕ+ ϕ2)) (22)
This model includes the precession (A2 cos (ωprecϕ+ ϕ2)), the transient factor (e−ϕ/τ , cause
shown in S2 of the supplemental document), and the membrane defect (A1 cos (ϕ+ ϕ1)), which
has a period 2pi. For a perfect trajectory made by a perfect vehicle, τ =∞, A1 = 0.
We seek the best (rc, A1, ϕ1, A2, ϕ2, ωprec, τ) that minimizes the least square error between
the model and experiment data.
min
rc,A1,ϕ1,A2,ϕ2,ωprec
∫ ϕ0
0
(rexpt(ϕ)− rmodel(ϕ; rc, A1, ϕ1, A2, ϕ2, ωprec, τ))2 dϕ (23)
fminsearch provided by MATLAB is used to do the minimization.
The superposition of the precession signal with period 2pi − |∆ϕprec| and the signal from
membrane axial anisotropy with period 2pi also explains slight modulations caused by the beat-
ing phenomena in the orbits.
Membrane shape computation
The membrane follows Poisson equation with load of the membrane, ∆Z = (P0/v2m)(1+ P˜ ) ≡
λ−1(1 + P˜ ). Here λ = 6.5 m is measured from the membrane shape when it is only deformed
by its self weight (P˜ = 0) for different central depressions (see S5 in the supplemental doc-
ument). The additional load from the vehicle is calculated as the area density of the vehicle
normalized by the membrane area density. For simplicity of the numerical and analytical solu-
tion, the distribution of a vehicle is treated as a step function on a disk Ωi = {r : |r− ri| ≤ Rv}
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around the COM of the ith vehicle ri. Nonetheless, the membrane shape outside the vehi-
cle won’t change with the specific distribution inside due to Stokes law. Afterwards, we ap-
proximate the height of the vehicle by the average of membrane height around the vehicle
zi(ri) =
1
2piRv
∫
r∈∂Ωi Z(r; r1, . . . , ri, . . . , rN)dr. Subsequently, the terrain gradient is calculated
as di = −∇rizi.
The analytical solution to the vehicle height shown in the main text is checked to be consis-
tent with the FEM computations and used in the simulation of the two-body motion. It is worth
noting that while the virtual surface of the vehicle z depends on the size of the vehicle Rv, the
terrain gradient does not depend on it as Rv contributes to the surface as a constant logRv.
Space-time mapping
In the axi-symmetric case, the geodesic equations for the metric (3) read
d2t
dλ2
+
(α2)′
α2
dt
dλ
dr
dλ
=
1
α2
d
dλ
(
α2
dt
dλ
)
= 0 (24)
d2ϕ
dλ2
+
(Φ2 r2)′
Φ2 r2
dϕ
dλ
dr
dλ
=
1
Φ2 r2
d
dλ
(
Φ2 r2
dϕ
dλ
)
= 0 (25)
d2r
dλ2
+
(α2)′
2Φ2
(
dt
dλ
)2
+
(Φ2)′
2Φ2
(
dr
dλ
)2
− (Φ
2r2)′
2Φ2
(
dϕ
dλ
)2
= 0 (26)
with λ as an affine parameter. From Eqs. (24) and (25), we have that α2 dt
dλ
= E = constant,
and Φ2r2 dϕ
dλ
= L = constant, both a consequence that conservation of energy and angular
momentum holds.
With the help of d
dλ
= dt
dλ
d
dt
, the geodesic equations can be rewritten as
ϕ¨+
2r˙ϕ˙
r
=
[
(α2)′
α2
− (Φ
2)′
Φ2
]
r˙ ϕ˙ (27)
r¨ − rϕ˙2 =
[
(α2)′
α2
− (Φ
2)′
Φ2
]
r˙2 +
1
2 Φ2
[
(Φ2)′v2 − (α2)′] . (28)
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We recall that the equations of motion of the vehicle are
ϕ¨+
2 r˙ ϕ˙
r
=
k
v2
r˙ϕ˙ (29)
r¨ − r ϕ˙2 = k
v2
r˙2 − k, (30)
Equating the right hand sides of Eqs. (27) and (28) with those of (29) and (30) respectively
yields
(α2)′
α2
=
k
v2
[
Φ2v2
α2 − Φ2v2
]
(31)
(Φ2)′
Φ2
=
k
v2
[
2Φ2v2 − α2
α2 − Φ2v2
]
. (32)
which after integration one gets
α2 = − 1
C1v2
+ C2 · e−K/v2 (33)
Φ2 =
α2
v2
+ C1(α
2)2 (34)
where K = K(r) ≡ ∫ r
0
k(s)ds.
After imposing that when k = 0 the metric becomes flat, the constants of integration are
given by 1/C2 = C1 = −1/(v2E2), and one finally arrives at
α2 = E2(1− v2e−K/v2) (35)
Φ2 = E2e−K/v
2
(1− v2e−K/v2) (36)
The derivation for arbitrary terrain is similar and can be found in S3 of the supplemental
document.
Robot with radial depending speed
As mentioned in the Discussion and Conclusion section, in order to be able to build a setup
in which the robot follows the geodesics of the Schwarzschild spacetime, we need to relax the
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constant speed condition for the robot and allow for a speed depending on the radius, v = v(r).
The metric takes the form ds2 = −α2dt2 + Φ2(dr2 + rdϕ2). As a consequence, Eqs. (1) and
(2), become
ϕ¨+
2r˙ϕ˙
r
=
(
v′
v
+
k
v2
)
r˙ϕ˙ (37)
r¨ − rϕ˙2 =
(
v′
v
+
k
v2
)
r˙2 − k . (38)
Comparing as before the r.h.s. of these equations with the r.h.s. of Eqs. (4) and (5), one gets
that
(α2)′
α2
− (Φ
2)′
Φ2
=
v′
v
+
k
v2
(39)
(Φ2)′v2 − (α2)′
2 Φ2
= −k . (40)
If one inserts in the above expressions the metric values for a Schwarzschild spacetime in
isotropic coordinates, namely α2 =
(
1−M/2r
1+M/2r
)2
, Φ2 = (1 + M/2r)4 with M the mass of
the black hole, one can solve for v and k and find the experimental setup for which the paths of
the vehicle follow Schwarzschild geodesics.
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Fig. 1: Interaction mediated by the substrate deformation. (a) One vehicle transiting around a central depression. (b) Two vehicles driving
on the elastic spandex membrane. The inset shows the final snapshot when they collide due to the attraction force induced by the membrane
deformation. The trajectories on the right columns show the first 20 s of the trajectories of the vehicles. Color bar indicates membrane
depression. (c) Top and bottom view of the differential drive vehicle and side view of the drive mechanism.
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Figure 2: Orbits in a axi-symmetric
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cular orbit (see Movie S2.mp4) and
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S1.mp4). The corresponding evolution
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cession of ∆ϕprec ≈ pi/3 evaluated
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The angle θ denotes the heading angle
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Precession angle’s dependence on ini-
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red circle. Any points on the trajectory
of (d) can be considered as an initial
condition of (d). Two orbits of (d) are
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the prediction from theory; axes ranges
are the same as those in main figure.
32
0𝑎
(m
/s
2
)
𝜃 (deg)
0.15
-0.15
0 90 180
𝑎
𝑎𝑟
𝑎𝜑
𝑎
/
si
n
𝜃
(m
/s
2
)
𝑟 (m)
0.2
0.1
0
0 0.6 1.2
126°
𝜃 = 90°
54°
0.3
0
0.1
𝛾
(d
eg
)
20
10
0
𝑘
(m
/s
2
)
0.3
0.2
𝑟 (m)
0 0.6 1.2
theory
exp0.2
0.1
𝑘
(m
/s
2
)
0 10 20
𝛾 (°)
ℓ
𝑟𝑐ℰ
𝑟− 𝑟+
𝑟 (m)
𝑉
ℓ𝑚𝑎𝑥
0.6 ℓ𝑚𝑎𝑥
𝜃
(°
)
𝑟 (m)
0             0.4          0.8         1.2
90
180 1
0
0
4
0
Δ
𝜑
𝑝
𝑟
𝑒
𝑐
(°
)
0.6 ℓ𝑚𝑎𝑥
ℓ𝑚𝑎𝑥
𝑟0 (m)
0  0.6                        1.2
∆
𝜑
𝑝
𝑟
𝑒
𝑐
(°
)
60
120
1/ℓ (m-2s)
0                  10                       20
a b c
d
e f
Fig. 3: Fundamental dynamics and its explanation to the orbital feature. (a) Magnitude of the acceleration a (yellow), and its components
ar (blue) and aϕ (red) as a function of the heading angle θ evaluated at r = 0.3 m (central depression D = 9.6 cm). Black lines correspond
to a = k(0.3m) · sin θ, ar = −a sin θ, and aϕ = a cos θ. The gray shaded regions indicate extreme headings that do not have steady
trajectories. (b) The acceleration function k and vehicle tilt γ as a function of the radius r for θ = 90◦ with the solid blue line and shading
denoting the mean and standard deviation of k obtained from the experiments. The red markers show the vehicle tilt γ measured from the
experiment on two different azimuths separated by 90◦ with open circles and pluses respectively. Inset shows the relation between k and γ
using the k data from the main figure (b) and the theoretical curve k = 0.074 g sin γ cos γ. (c) Plots of k as a function of r for various
values of θ using a/ sin θ. The gray shaded regions refer to regions which are forbidden due to steric exclusion. (d) The space-time derived
effective potential governing the vehicle dynamics.V is shown for different values of ` with D = 9.6 cm. Black dots denote the minimum
point of a given potential curve, and rc = v2/rc labels the case of a circular orbits when E = Vc. The corresponding trajectories in the r-θ
space are shown in the inset. (e) Precession angle |∆ϕprec| as a function of the effective initial radius r0 for θ0 = pi/2 and central depressions
D = 13.9 cm (red), 9.6 cm (green), and 5.3 cm (blue). Experimental data are dots and solid lines are theoretical prediction using Eq. (10). The
open dots show the r− and the pluses show the r+. (f) Precession angle |∆ϕprec| as a function of the inverse of the relative angular momentum
` for the same cases. The insets below the curves show the trajectories at different radii and angular momenta for D = 9.6 cm.
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Fig. 4: Tuning the spacetime to generate prograde precession. (a) Different k(r) functions for prograde and retrograde precession. The
light vehicle (m ≈ 45 g) has a negative k′ at rc (the intersection of k(r)/v2 and 1/r) while the heavy vehicle (m ≈ 160 g) has a positive
k′ at such an intersection. The decreasing k has the same trend as the tilt angle γ(r) (black stars). Inset: the light and heavy vehicles. (b)
Clockwise trajectories with retrograde (left) and prograde (right) precessions. Perihelia are marked in order. The prograde precession is made
by a lightweight vehicle on the membrane with D = 17 cm central depression, for initial conditions r0 = 20 cm, θ0 = 90◦. The periapsides
numbered in red show a clockwise order while the orbit is precessing in the same direction (For video, see Movie S3.mp4). The magnitude of
the precession for this trial is ∆ϕprec = 51◦.
34
aveh2
veh1
initial
final
initial
final
𝑚21 = 1.37𝑚21 = 1.00
b
c
expt.
1.0
1.3
1.51.301.37
Independent  
vehicles
 𝑚21 = 1.00
𝐷
3
0
s
(m
)
expt. sim.
Sterical exclusion Sterical exclusion
𝒅𝑖 = −𝛁𝑧𝑖
𝑣
𝑣
𝑃
𝑧𝑖
vm
2 Δ𝑍 = 𝑃
𝒅𝒊 → 𝒂𝒊
𝑣
vehicles
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tion. The initial azimuth angle between the vehicles
is 45◦. Example trajectories of the two interacting
vehicles with different mass ratio (m2
m1
= m21 =
1.00 and 1.37) for a duration of 30 sec. See Movie
S4.mp4 for videos. (b) The evolution of the relative
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compared to the non-interacting case (dashed) where
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leading vehicle (vehicle 2, m2). On the contrary, the
distance between two independent vehicles from the
same initial condition is non-decaying. (c) A sketch
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membrane is solved from the Poisson equation with
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S1. Vehicle dynamics
The dynamics of the vehicle on an incline with slope γ, which is a localized representation of
substrate under the vehicle helps explain the acceleration’s dependence on the heading θ and
local tilting angle γ in experiments. On the incline, we denote the direction along the gravity
as ‖ and the direction perpendicular to it as ⊥ so that the acceleration from the gravity field is
ag⊥ = 0,∼ ag‖ = g sin γ. Considering this incline as a localized picture of the vehicle’s immedi-
ate substrate, here ⊥ˆ direction stands for the ϕˆ and ‖ˆ direction stands for the rˆ.
Since the friction on the rolling caster is much smaller than the other friction forces, the
vehicle rotates about the middle point of the wheel axis, M . The torque about M consists of
the frictions on the two wheels and the caster, as well as the gravity component in the plane.
Since the two wheels are connected to a differential drive, the torques generated by the friction
parallel to the wheel fL‖, fR‖ are of same magnitude and opposite signs and therefore cancelled
out (reference). The torques generated by the friction perpendicular to the wheel are zero since
the forces pass through M .
The non-zero torques left with us are the one generated by the gravity component in the
plane and the friction from the caster fc:
τ =
(
1
2
(B1 −B2)ˆi+ Lcjˆ
)
×mg sin γ(− sin θiˆ− cos θjˆ) + Ljˆ × fc⊥iˆ (41)
=
(
mg sin γ
(
−1
2
(B1 −B2) cos θ + Lc sin θ
)
− fc⊥L
)
kˆ (42)
The moment of inertia of the vehicle with respect to M is I = Ivehicle +m(L2 + (B1−B22 )
2)
where we approximate Ivehicle = 12mR
2
v with Rv being the radius of the vehicle since the mass
distribution is quite homogeneous. Therefore the magnitude of the acceleration of the center of
mass is
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Fig. S1: Vehicle dynamics of the robotic vehicle
a =
∣∣∣∣Lcjˆ + B1 −B22 iˆ
∣∣∣∣ · β (43)
≈ Lc · τ · kˆ
I
(44)
=
mg sin γ(Lc sin θ − 12(B1 −B2) cos θ)− fcL
1
2
mR2v +mL
2
c +m(
B1−B2
2
)2
Lc (45)
For the ideal case that the center of mass is not biased to the left or right so that B1 = B2,
the acceleration is
a =
mgLc sin γ sin θ − fcL
1
2
mR2v +mL
2
c
Lc (46)
=
L2c
1
2
R2v + L
2
c
g sin γ sin θ − fcL1
2
mR2v +mL
2
c
(47)
When θ = pi/2 and fc being very small since this is a rolling friction, the acceleration
projected onto the horizontal plane is
a(θ = pi/2) ≈ L
2
c
1
2
R2v + L
2
c
g sin γ cos γ (48)
Plug in the actual number in the experiment Rv = 5 cm, Lc ≈ 1 cm,
atheo(θ = pi/2) ≈ 0.074 g sin γ cos γ (49)
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which is quite close to the experimental measurement
aexpt(θ = pi/2) = (0.073± 0.001) g sin γ cos γ (50)
In reality, there is always a small bias between B1 and B2, this small correction from the
CoM (center of mass) offset that breaks the symmetry of acceleration with respect to the heading
gives the attraction to the circular orbit and will is discussed in section .
This bias is
abias = g · sin γ cos θ · Lc∆B1
2
R2 + L2c + ∆B
2
(51)
∆B ≡ 1
2
(B2 − B1) can be measured by weighing the normal force on the left and right
wheels
∆B =
Lw
2
NR −NL
NR +NL
(52)
where NL, NR are the normal forces on the two wheels and Lw = 6 cm. For an imbalance
of (NR −NL)/(NR +NL) ≈ 20 % thus ∆B ≈ 0.6 cm, the maximum bias when driving On a
typical local slope of γ = 10◦ can reach
max abias ≈ 9.8 sin 10◦max
θ
cos θ · 0.01 · 0.0061
2
0.052 + 0.012 + 0.0062
(53)
= 0.074 m/s2 (54)
when driving close to the radial direction θ = 0, 90◦ which is about 40 % of the maximum
magnitude of the acceleration in the system.
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S2. Transient behavior (attraction to circular orbit)
The transient behavior of some trajectories that decay into circular orbits caused by the slight
asymmetry in the mechanical structure that breaks the symmetry of the acceleration with respect
to the heading. Ideally, when |a| is symmetric about θ = pi/2, the precession is stable. When a
small perturbation is introduced to break this symmetry, the orbit will be attracted to the circular
orbit. Here we suppose |a| is given by
|a| = k(r) · (sin θ +  · cos θ) (55)
where  = Lc∆B1
2
R2+L2c+∆B
2  1. Using the data listed in the Vehicle dynamics section, the estimate
is  ≈ 0.043.
This leads to the polar equation of the trajectory as
r,ϕϕ =
2r2,ϕ
r
+ r − k˜(r) · (r2 + r2,ϕ)−  · k˜(r) · (r,ϕr +
r3,ϕ
r
) (56)
where k˜ ≡ k/v2.
Let r = rc + ρ where ρ is the perturbation and rc is the radius of the circular orbit that
k(rc) = v
2/rc. After discarding the O(ρ2) terms, the differential equation is reduced to 1
ρ,ϕϕ = −(1 + rck′c/kc)ρ− ρ,ϕ (61)
where kc ≡ k(rc), k′c ≡ k′(rc).
1The correction in ρ is:
k˜ · r,ϕr = k˜(rc + ρ) · ρ,ϕ · (rc + ρ) (57)
= (k˜c + k˜
′
cρ) · ρ,ϕ · (rc + ρ) (58)
= k˜crcρ,ϕ + h.o.t. (59)
= ρ,ϕ + h.o.t. (60)
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Fig. S2: Decaying orbit in experiment and simulation (a) Experiment trajectory for central depression D = 13.9 cm and the radius over
azimuthal angle, (b) corresponding simulation, showing that rmax and rmin converge to the circular radius rc. (c,d) are the counterparts of
(a,b) from simulation with  = 0.043. The black line shows the analytical approximation using Eq.62.
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The solution to this damped oscillator gives the solution as
ρ(ϕ) = ρ(0) · cos
(√
1 + rck′c/kc − (/2)2ϕ
)
· exp (−(/2)ϕ) (62)
with an exponentially decaying envelope with a half-life 2 log 2/ that decreases with the extent
of bias of the vehicle towards the left to right. The larger the imperfection is, the faster the
trajectory is attracted a circular orbit. The simulation using a perturbation with  = 0.043
shows good agreement with the transient orbit we see in the experiment (see Fig. S2).
On the other hand, when the vehicle has an acceleration bias towards the orbit direction, 
will be negative, then ρ will expand and leads the orbit to either crash to the center or escape
from the membrane. From this example with counterclockwise trajectory, we see that the orbit
is attracted to a circular orbit when  ∝ (B2 − B1) > 0, that is when the CoM is biased to the
left wheel.
In conclusion, a counterclockwise(clockwise) orbit will get attracted to a circular orbit when
the CoM is biased to the left(right) while the eccentricity increases to escape or crash when the
CoM is biased to the right(left).
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S3. Constants in the space-time mapping
Two conditions determine the constants.
Normalization condition
Noting the form of the normalization condition, we see writing the t˚2 as a function of r would
be helpful.
r˚2 =
(
E
α2
r˙
)2
(63)
=
E2
(α2)2
1
Ψ2
(v2 − r2ϕ˙2) (64)
=
E2
(α2)2
1
Ψ2
(
v2 − r2
(
α2
E
ϕ˚
)2)
(65)
=
E2
(α2)2
1
Ψ2
(
v2 − r2
(
α2
E
L
Φ2r2
)2)
(66)
Plug this into the normalization condition, we have
−1 = −α2˚t2 + Φ2 (Ψ2r˚2 + r2ϕ˚2) (67)
−1 = −α2(E/α2)2 + Φ2
(
Ψ2(
Er˙
α2
)2 + r2(
L
Φ2r2
)2
)
(68)
−1 = −E
2
α2
+ Φ2
(
E2
(α2)2
(v2 − (α
2)2L2
E2(Φ2)2r2
) + r2(
L
Φ2r2
)2
)
(69)
−1 = −E
2
α2
+
Φ2E2v2
(α2)2
(70)
Plug in the α2 and Φ2 derived earlier (Eq.34), we have
− 1
E2
= C1v
2 (71)
This fixes C1 = − 1v2E2 .
Flat spacetime when force vanishes
When the force vanishes as k(r) = 0, we should have α2 = Φ2 so that the metric is flat and the
vehicle will go straight.
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k(r) = 0 indicates K(r) =
∫ r
s=0
k(r) = 0. Setting the under-limit of the integral of k zero
without the loss of generality since otherwise it will be absorbed by C2. This limit reduces the
metric to
α20 = −
1
C1v2
+ C2
Φ20 =
α20
v2
+ C1(α
2
0)
2
Equate the above two equations using α20 = Φ
2
0, we have
α20 =
α20
v2
+ C1(α
2
0)
2
1 =
1
v2
+ C1α
2
0
1 =
1
v2
+ C1(− 1
C1v2
+ C2)
C1C2 = 1
With the above summed up, we have
α2 = E2(1− v2e−K/v2)
Φ2 = E2e−K/v
2
(1− v2e−K/v2)
(72a)
(72b)
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Maximum value of effective angular momentum
The value of effective angular momentum ` is bounded (Fig. S3) by a maximum.
` ≡ L
E
= e−K(r0)/v
2
r0 · v (73)
Here we try to find the r0 that maximize the `.
∂`
∂r0
= e−K(r0)/v
2
(
1− r0k(r0)
v2
)
(74)
The optimal r0 is rc such that k(rc) = v2/rc.
Fig. S3: Effective angular momentum. ` is bounded by a maximum value at r0 = rc. The blue line shows the ` for at θ = 90◦ when
D = 9.6 cm and the black dots show the experimental values. Each experiment contributes two dots here, one for rmin and one for rmax.
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S4. General metric derivation
For the general metric ds2 = −α(x, y, t)2dt2 + Φ(x, y, t)2(dx2 + dy2), the connections Γabc =
1
2
gad(gbd,c + gcd,b − gbc,d) are
Γttt =
1
2
(α2).
α2
= (logα)·
Γtti =
1
2
(α2),i
α2
Γtij =
1
2
(Φ2).
α2
ηij
Γitt =
1
2
(α2),i
Φ2
Γijt =
1
2
(Φ2),i
Φ2
δij
Γijk =
1
2
(Φ2),kδ
i
j + (Φ
2),jδ
i
k − (Φ2),iηjk
Φ2
(75)
where q· ≡ dq/dt.
The geodesic equations ˚˚xa + Γabcx˚
bx˚c = 0 are
˚˚t+ (logα)·˚t2 + 2(logα),i˚t˚xi +
1
2
(Φ2)·
α2
ηijx˚
ix˚j = 0 (76)
˚˚xi +
1
2
(α2),i
Φ2
t˚2 + 2(log Φ)·˚t˚xi + 2(log Φ),kx˚kx˚i − (log Φ),ix˚kx˚k = 0 (77)
Then we change the variable from proper time to time. Using the facts that q˚ = (dt/dλ) =
t˚q˙ and x˙ix˙i = v2, Eq.77 can be rewritten as
˚˚xi
t˚2
+
(α2),i
2Φ2
+ 2(log Φ)·x˙i + 2(log Φ),kx˙kx˙i − (log Φ),iv2 = 0 (78)
Note that
˚˚xi
t˚2
=
(˚tx˙i)◦
t˚
= x¨i +
˚˚t
t˚
x˙i (79)
and Eq.76 can be rewritten as
˚˚t
t˚2
+ (logα)· + 2(logα),ix˙i +
1
2
α−2(Φ2)·v2 = 0, (80)
The geodesic equations in the lab frame are
x¨i = −
[
log (α
2
Φ2
)
]
,j
x˙jx˙i + (log Φ),iv
2 − α2
Φ2
(logα),i (81)
+xi
[
(logα)· + v2(log Φ)·
(
Φ2
α2
− 2
)]
(82)
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To match the geodesic equations Eqn.82 to the general equations of motion for a constant-
speed agent
x¨ = C g y˙ (dxy˙ − dyx˙)/v2 (83)
y¨ = −C g x˙ (dxy˙ − dyx˙)/v2 , (84)
where di = −∇iz with i = x, y.
It requires
−Cg
v2
dx =
(α)2,x
α2
− (Φ
2),x
Φ2
(85)
−Cg
v2
dy =
(α2),y
α2
− (Φ
2),y
Φ2
(86)
0 = −(α
2),x
2Φ2
+
(
(α2),x
α2
− (Φ
2),x
2Φ2
)
v2 (87)
0 = −(α
2),y
2Φ2
+
(
(α2),y
α2
− (Φ
2),y
2Φ2
)
v2 (88)
0 = (logα)· + v2(log Φ)·
(
Φ2
α2
− 2
)
(89)
If we consider the stationary metric that α and Φ are time-independent, then Eq.89 is met.
Let a = log (α2), b = log (Φ2), the requirements are rewritten as
−Cg
v2
dx = a,x − b,x (90)
−Cg
v2
dy = a,y − b,y (91)
0 = −ea−ba,x + (2a,x − b,x)v2 (92)
0 = −ea−ba,y + (2a,y − b,y)v2 (93)
It can be checked that the solution is
a = C0 + log (1− v2e−Cgz/v2) (94)
b = C0 + z + log (1− v2e−Cgz/v2). (95)
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Consequently,
α2 = E2(1− v2e−Cgz/v2) (96)
Φ2 = E2e−Cgz/v
2
(1− v2e−Cgz/v2) (97)
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S5. Membrane shape
Isotropy
Ideally, the height of the membrane at a particular radius should be the same for any azimuthal
angle in terms of the axi-symmetry. To understand how the membrane deviates from the ideal,
the variation of this height is evaluated with the data taken from the optic tracking cameras for
three different central depressions. The variation is found to be smaller than 5% of the central
depression.
(a)
(b)
Fig. S4: Shapes of the membrane with different central depressions. (a) (b) The heights are averaged over the azimuthal angles.
We posit the acceleration magnitude k fluctuates spatially with the same magnitude as this
measured error. Simulations that introduce 5% and 20% of fluctuation are shown in Fig.S5A.
We carry out the simulation by perturbing the k everyRv length of trajectory with the magnitude
specified above. Fig.S5B shows that the disturbance only changes the spread of precession angle
while the average stays the same.
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The above explains the reason why the lighter vehicle that has only a quarter of the heavier
vehicle has a less perfect precession and why the r − θ trajectory is noisier. Nonetheless, the
nature of being overall prograde or retrograde is preserved as indicated by Fig.S5B.
Membrane constant measurement
If we treat the free membrane that only deforms by its self weight as a linear membrane under
uniform load from gravity, the height of the membrane z follows
∆Z = λ−1 (98)
where λ absorbed the elasticity and the mass density. The value of λ is measured from experi-
ment so that the shape of the membrane matches with experiments.
Noticing the axi-symmetry (∂Z/∂ϕ = 0) for a membrane without a load such as the robotic
vehicle, we can use the reduced form of the Laplacian in polar form as ∆Z = 1
r
∂
∂r
(
r ∂Z
∂r
)
+
1
r2
∂2Z
∂φ2
= 1
r
∂
∂r
(
r ∂Z
∂r
)
. This gives us the general solution as
Z(r) =
1
4λ
r2 + C1 log r + C2 (99)
Let us denote the radius of the membrane, the radius of the central cap, and the central
depression asR andR0, andD. By applying the boundary conditions Z(R) = 0, Z(R0) = −D,
we can find the coefficient for the two fundamental solutions as
C1 =
D − 1
4λ
(R2 −R20)
log (R/R0)
, C2 =
1
4λ
(R2 logR0 −R20 logR)−D logR
log (R/R0)
(100)
The tautness of the membrane is determined by whether C1 is overwhelmed by C2.
To match the solution with experimental measurements, we choose λ = 6.5 m.
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Fig. S5: Membrane imperfection’s effect on the trajectory: A. The left panels show the sketch of the fluctuation of acceleration with
fluctuation magnitude A∆ = 5% and 20%. The magnitude of the acceleration fluctuates as k˜ = k(1 + ∆) where ∆ ∼ U [−A∆, A∆]. The
middle and right panels show the resultant trajectories in real space and r − θ space. B. The spread of precession angle from 100 trials using
different magnitudes of disturbance. The simulations use the k and v measured from the actual retrograde vehicle.
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Fig. S6: Membrane constant measurement: The black lines show the radial profiles of the free membrane from Poisson equation (Eq.99.
The colored lines show the measurement from experiments.
Analytic solution to the membrane
As shown in the previous section, the deformation of the membrane by its self weight can be
well characterized by ∆Z = λ−1. To model the additional load from the vehicles besides the
weight of the membrane itself, we evaluate the area density of vehicle and scaled it by that of
the membrane so that ∆Z = λ−1(1 + P˜ ) with P˜ = σv/σ where σv and σ are the density of
the vehicle and the membrane (137 g/m2) respectively. For simplicity, we assume the load is a
uniform distribution on a disc centered at the ith vehicle’s position ri and with the radius of the
vehicle Rv so that σv,i = mipiR2v1(r ∈ Ωi) and σv =
∑
i σv,i where Ωi = {r : |r− ri| < Rv}.
To solve the Poisson equation, we integrate the Green function G(r, s) of Poisson equation
with the source.
λZ(r) =
∫
G(r, s)(1 + P˜ (s))ds2 (101)
=
∫
G(r, s)ds2 +
1
σ
∑
i
∫
Ωi
G(r, s)σv,i(s)ds
2 ≡ I1 + I2 (102)
where the Green function on a disc with radius R is
G(r, s) =
1
2pi
log |r− s| − 1
2pi
log
( |s|
R
·
∣∣∣∣r−R2 s|s|2
∣∣∣∣) (103)
G(r,0) =
1
2pi
log |r| − 1
2pi
logR (104)
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Let us consider a field point that is not covered by the vehicles r /∈ ∪iΩi. I1 is the solution
to the case with uniform load that I1 = 14(|r|2 − R2). For I2, the source is effectively a point
source since the field point is outside the source, so
I2 =
1
σ
∑
i
∫
Ωi
G(r, s)
mi
piR2v
piR2vδ(s− ri)ds2 =
1
σ
∑
i
miG(r, ri) (105)
Up till so far, we have solved the shape of the membrane Z(r). Next, we evaluate the height
of the ith vehicle. Since the vehicle is not a point object, we average the membrane height Z on
the rim of the vehicle to approximate the height of the vehicle zi.
zi = 〈Z〉∂Ωi (106)
λzi = 〈I1 + I2〉 = 〈I1〉+ 〈I2〉 (107)
〈I1〉 is contributed by the self weight of the entire membrane so that we approximate it by
just the value at the center of the vehicle ri: 〈I1〉 = 14(|ri|2 −R2).
For 〈I2〉, there are two different types of contributions. The first ones are the patches of
domain from the vehicles other than the ith vehicle, the one of concern that contribute as far
field. The second type is the contribution from the load of vehicle i itself.
For the first type, we still use the point source approximation:
〈I2,j 6=i〉 = mj
σ
G(ri, rj) (108)
For the second type:
〈I2,i〉 = mi
σ
〈G(r, ri)〉r∈Ωi (109)
=
mi
2piσ
(
〈log |r− ri|〉 −
〈
log
( |ri|
R
·
∣∣∣∣r−R2 ri|ri|2
∣∣∣∣)〉) (110)
=
mi
2piσ
(
logRv − log
( |ri|
R
·
∣∣∣∣ri −R2 ri|ri|2
∣∣∣∣)) (111)
=
mi
2piσ
log
(
RvR
R2 − |ri|2
)
(112)
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Piecing all these terms together, we arrive at the z position of the ith vehicle is
2piλzi =
pi
2
(|ri|2 −R2) + mi
σ
log
(
RvR
R2 − |ri|2
)
+
1
σ
∑
j 6=i
mj
(
log
|ri − rj|
|ri − r′j|
− log |rj|
R
)
(113)
where r′ = (R/|r|)2r is conventionally regarded as the position of the image charge. rj’s
are the positions of the other vehicles.
Despite the fact that some approximation made, the analytical solution matches with the
numerical result (FEM) with a relative error smaller than 10−3 (Fig.S7).
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Fig. S7: Numerical verification of the analytical solution: We show a test with the blue vehicle put at different y positions while the x
position is fixed (0.2 m). The solid blue line shows the membrane shape and the dotted line shows the vertical position of the vehicle z when
placed at different positions. The bottom panel shows the relative error of z between the analytical (Eq.113) and numerical (FEM) solution.
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Supplementary movies
Movie S1: a typical precessing orbit
A video of a robotic vehicle driving on an elastic membrane with a central depression of 9.6 cm.
Instantaneous velocity and radius (r) are marked with red and green arrows, respectively. The
heading angle is the angle between the velocity and radius. The trajectory in radius-heading
space is shown simultaneously during the locomotion. Color bar represents the time. The
tracking shows that the apsis of the orbit is rotating in the opposite direction of the orbit.
Movie S2: a typical circular orbit
A video of a robotic vehicle driving on an elastic membrane with a central depression of 9.6
cm. Instantaneous velocity and radius (r) are marked with red and green arrows, respectively.
The heading angle is the angle between the velocity and radius. The trajectory in radius-heading
space is shown simultaneously during the locomotion. Color bar represents the time. The radius
of the trajectory is almost constant over the revolutions and the heading angle stays at 90◦.
Movie S3: a typical prograde precession
The lighter vehicle’s orbit undergoes a prograde precession, i.e. the vehicle and the periapsis
rotate clockwise. The mass of the vehicle is about one quarter the mass of the vehicle used in
Movie S1 and S2. As predicted by the theory, the radial attraction k(r) is decreasing with r in
the magnitude.
Movie S4: Deformation-induced merger
In the first video, both panel shows the trajectories of two vehicles moving on the membrane
at the same time. The comparison is made regarding the mass ratio between the two vehicles:
when the leading vehicle is heavy enough (m21 = 1.37), the two vehicles eventually merge
while the m21 = 1.00 fails to merge. In the second video, the video on the right panel shows
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the virtual superimposition of independent runs of the two vehicles with the same mass ratio as
the left panel to show that the substrate-mediated interaction is indeed making the two vehicles
interact.
Movie S5: Controlling speed with tilt angle to avoid collisions
Each video shows the trajectories of the IMU-controlled vehicle (white chassis, solid line)
and uncontrolled vehicle (gray chassis, dashed line) when a particular control magnitude A =
0, 2, 4, 8 are used.
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